q ,t 3 (respectively q = 3) such that q\M and q 1 ztzV. Further M = sup. ¡n,e"er'rl('<;)
Given an integer k, its multiplicity mik) with respect to the sequence \a \ is the number of solutions of an -k. The multiplicity of the sequence is the least upper bound of the mik), as k ranges over the rational integers. It is a wellknown conjecture that the multiplicity of any second order linear recurrence is either infinite or bounded above by 5. (For references to this conjecture see Ward
[l0], Lewis [6, p. 66] , Chowla, Dunton, and Lewis [4] , and Laxton [5] .) Some work has been done on this conjecture. Chowla, Dunton, and Lewis [4] prove that if A < 0, then either the multiplicity of the sequence is infinite or it is bounded above by 3. Further, they show that if (M, N) = id, e) = 1, and if the ratio of the roots of the companion equation is not a root of unity, then the sequence is of finite multiplicity. If, in addition, A > 0 and for some prime p one has p \ M/2 and p' || A where t > 1 for p > 5 (t > 2 for p = 3, t > 3 for p = 2), then the multiplicity of the sequence is less than p'.
RONALD ALTER AND K. K.KUBOTA Laxton [5] proves that if the roots and ratio of roots of the companion equation are not roots of unity, then the multiplicity of the sequence is at most if p = 2 Min L where L = jlO if p = 3, p -r N, p prime \pz it p/2, 3.
The precise multiplicity of several recurrences has been determined. In particular, Skolem, Chowla and Lewis [8] prove that if aQ = a = M = 1 and N = 2 the sequence has multiplicity 3 and -1 occurs exactly three times. P. Chowla, S.
Chowla, Dunton and Lewis Recalling the definition of the discriminant A of (1), the two-dimensional vector space over the rational numbers 0 can be made into a commutative Q-algebra via the multiplication (2) (r, s)it, u) = irt -suA, si + ru).
If A = +1 this is just Qi\J-l)-Define the multiplicative functions (r, s) = (r, -s)
an d Nir, s) = r + s A -(r, s)ir, s) and note the identity (3) (r. s)(l/2, u/2)2 = Ar, s)ít/2, u/2) -[it2 + u2A)/2]ir, s).
Let c = 2e -dM and define the sequences \a \ and \d \ by (4) id ,a )=(c, ¿KM/2, 1/2)«.
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It is easy to verify by induction and (3) that the sequences \a \ and \d \ satisfy The sequence \b \ is the Lucas sequence which is associated with the linear recurrence (1) . From (3) and the fact that íc¡ + b\A)/4 = N{ck/2, bk/2) = (N(M/2, 1/2))* = Nk, it follows that the sequence \e \ defined by e = a, . ii > 0, k > 0) satisfies
e , = c.e , -N*e .
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If A > 0 the ring defined above is just QÍ\J-A). Let /= \J-A ; it follows by (4) that The following result of M. Ward [9, Theorem 3l will be useful. To complete the proof of the lemma it suffices to show that whenever id, e) = 1, A has the property that mid) < 4. If 2\de, an induction argument using (1) shows that a = a . = e (mod 2), and it follows that ttz^) = Proof. If M = 1 it is easy to verify that for n > 2, // M ¿s et/e/2, z'/ie22 2/2(a') < 3 irespectively mid) < A) if N = 1 (mod 4) irespectively N = 3 (mod 4)).
Proof. This is an application of Laxton's theorem. By the proposition of §2, if r and r2 are the roots of x -Mx + N = 0, then r./r is not a root of unity.
Also it can be shown that if at least one of the r. is a root of unity, then it is + 1 and M -AN > 0, which is a contradiction. Thus Laxton's theorem is applicable. (ii) // x2 -ÍM2 -2N)x + N2 = 0 has a root which is a root of unity, then so does x -Mx + N = 0.
(iii) // x2-ÍM2 -2/V)x + N = 0 has as a root of unity the ratio of its roots, then so does x -Mx + N = 0.
Proof. The proofs of parts (ii) and (iii) are straightforward using part (i) and the proposition of §11. To prove part (i), let r be such a root and suppose risa primitive TZth root of unity. Its degree over the rationals is at most 2 and is exactly qbin), where qb is the Euler totient function. Since qbin) < 2 can only occur if tz = 1, 2, 3, 4, or 6 and since these give rise to the five stated cases, the proof is complete.
The proof of Theorem 2 will require the following result which is implicit in a proof of Laxton [5] . Let ¡a S be a recurrence satisfying (1) such that id, e) = 1 and neither of the roots r" r of the companion equation nor their ratio rJr-¡ is a root of unity. For p an odd prime, let q be the smallest positive integer such that rq. = rq= 1 (mod p).
(i) If the r. are p-adic integers, then the multiplicity of the sequence ¡a \ is at most 2(p -l) (respectively 6) if p 4 3 (respectively p = 3).
(ii) If the r. are not p-adic integers and k is any integer, then with the possible exception of one congruence class modulo a, none can contain more than one solution of a = k. The exceptional class contains at most 2 (respectively 3) solutions if p 4 3 (respectively p = 3).
In the proof of Theorem 2, this result will be referred to as Laxton's theorem.
IV. Proofs of theorems.
This section is devoted to the proof of Theorems t an integer, and so (7) and an argument analogous to the above can be carried out. One obtains that there are at most two even solutions if q / 3 and at most three solutions if ¡7=3.
Suppose now that there is more than one odd and more than one even solution of a = d. Compaiing coefficients in (23), Strassman's lemma shows that (VI -/ \ ~2s IM + f\2s
The analogous congruence for odd solutions is W log (ifl)-" -(iflJM (c t 4) lo8 (ï±/ )* . 0 (^ ,*^>.
Dividing these last two congruences by a and subtracting gives
Since the left factor is a a-adic unit, it follows that (26) ((M +/), 2)2' + 1 ,1 (mod a7).
On the other hand, using the cotresponding equations obtained by dividing (7) by
Since q\M, (26) and (27) Since e is odd, it follows that 6 v it)\v id) and 6 v it)\v id/t) which gives a conttadiction modulo 6.
V. Remarks. The technique used in the proof of Theorem 2 can be extended. Looking at the problem differently one makes the following conjecture.
Conjecture 2. Given recurrence (1), the number of integers k for which M(k) > 1 is finite.
Conjecture 2 is true for Lehmer numbers (Schinzel [7] ) and a special sequence studied by Chowla, Dunton, and Lewis [4, Theorem 8] .
